We study a level crossing between the QCD axion and an axion-like particle, focusing on the recently found phenomenon, the axion roulette, where the axion-like particle runs along the potential, passing through many crests and troughs, until it gets trapped in one of the potential minima. We perform detailed numerical calculations to determine the parameter space where the axion roulette takes place, and as a result domain walls are likely formed. The domain wall network without cosmic strings is practically stable, and it is nothing but a cosmological disaster. In a certain case, one can make domain walls unstable and decay quickly by introducing an energy bias without spoiling the Peccei-Quinn solution to the strong CP problem. *
I. INTRODUCTION
The QCD axion is a pseudo-Nambu-Goldstrone boson associated with the sponetanous breakdown of the Peccei-Quinn symmetry [1] [2] [3] . When the axion potential is generated by the QCD instantons, the QCD axion is stabilized at a CP conserving minimum, solving the strong CP problem. The QCD axion is generically coupled to photons and the standard model (SM) fermions, and its mass and coupling satisfy a certain relation. On the other hand, there may be more general axion-like particles (ALPs) whose mass and coupling are not correlated to each other. The QCD axion and ALPs have attracted much attention over recent decades (see Refs. [4] [5] [6] [7] [8] for reviews), and they are searched for at various experiments [9] [10] [11] [12] [13] . Furthermore, there appear many such axions in the low-energy effective theory of string compactifications, which offer a strong theoretical motivation for studying the QCD axion and ALPs.
In general, axions have both kinetic and mass mixings 1 , and their masses are not necessarily constant in time. In fact, the QCD axion is massless at high temperatures and it gradually acquires a non-zero mass at the QCD phase transition. Thus, if there is an ALP with a non-zero mixing with the QCD axion, a level crossing as well as the associated resonant transition could occur a la the MSW effect in neutrino physics [22] . The resonant phenomenon of the QCD axion and an ALP leads to various interesting phenomena such as suppression of the axion density and isocurvature perturbations [23] 2 . Recently, the present authors found a peculiar behavior during the level-crossing phenomenon: the axion with a lighter mass starts to run through the valley of the potential, passing through many crests and troughs, until it is stabilized at one of the potential minima [25] . Such axion dynamics is highly sensitive to the initial misalignment angle and it exhibits chaotic behavior, and so named "the axion roulette." In Ref. [25] , however, we studied the axion dynamics without specifying the axion masses and couplings, and the application to the 1 There are various cosmological applications of the axion mixing such as inflation [14] [15] [16] [17] [18] [19] and the 3.55keV X-ray line [20, 21] . 2 See Ref. [24] for an early work on the resonant transition between axions.
QCD axion has not yet been examined.
In this paper we further study the level crossing phenomena of axions, focusing on the mixing between the QCD axion and an ALP. In particular, we will determine the parameter space where the axion roulette occurs, and domain walls are likely formed.
The domain wall network without cosmic strings is practically stable in a cosmological time scale, and so, it is nothing but a cosmological disaster [26] . We find that, in a certain case, it is possible to introduce an energy bias to make domain walls decay sufficiently quickly while not spoiling the Peccei-Quinn solution to the strong CP problem.
II. AXION ROULETTE OF QCD AXION AND ALP

A. Mass mixing and level crossing
The QCD axion, a, is massless at high temperatures and the axion potential comes from non-perturbative effects during the QCD phase transition. The QCD axion potential is approximately given by
with the temperature-dependent axion mass m a (T ) [6] m a (T )
where Λ QCD 400 MeV is the QCD dynamical scale and F a the decay constant of the QCD axion. The QCD axion is then stabilized at the CP conserving minimum a = 0, solving the strong CP problem.
Let us now introduce an ALP, a H , which has a mixing with the QCD axion. Specifically we consider the low energy effective Lagrangian,
with
where F H is the decay constant of the ALP and n H and n a are the domain wall numbers of a H and a, respectively. We assume that Λ H is constant in time, in contrast to the QCD axion potential. 3 For later use, we define the effective angles θ and Θ by
which appear in the cosine functions of the axion potential V QCD and V H , respectively.
The mass squared matrix M 2 of the two axions (a H , a) at one of the potential minima, a H = a = 0, is given by
Let us denote the eigenvalues of M 2 by m 2 2 and m 2 1 with m 2 > m 1 ≥ 0. When m a (T ) = 0, one combination of a H and a is massless, while the orthogonal one acquires a mass from V H . When the QCD axion is almost massless, one can define the effective decay constants F and f for the heavy and light axions, respectively;
Even if the heavier axion is stabilized at one of the potential minimum of V H , the lighter one is generically deviated from the potential minimum by O(f ) before it starts to oscillate. As the QCD axion mass turns on, the two mass eigenvalues change with temperature (or time) (see Fig. 1 .). 3 Note that the PQ solution to the strong CP problem is not spoiled by introducing the above potential because those two axions are individually stabilized at the CP conserving minima.
Now we focus on the case where a level crossing takes place. At sufficiently high temperatures, the QCD axion mass m 2 a (T ) is much smaller than any other elements of the mass matrix, and the mass eigenvalues are approximated by
In order for the level crossing to take place, the lighter eigenvalue must 'catch up' with the heavier one as m a (T ) increases, i.e.,
must be satisfied. Then, if
is satisfied, the level crossing takes place when the two eigenvalues become comparable to each other, where we have defined f H ≡ F H /n H and m a ≡ m a (T = 0). In this case, the two mass eigenvalues at zero temperature are approximately given by
In Fig and m a (T ) (dotted (black)). We fixed parameters as f H = 10 11 GeV, m H = 10 −7 eV, F a = 10 12
GeV, and n a = 5.
The level crossing occurs when the ratio of m 1 to m 2 is minimized, namely,
is satisfied, where we have used (12) in the second equality. In the following the subscript 'lc' denotes the variable is evaluated at the level crossing. During the level crossing, the axion potential changes significantly with time, and the axion dynamics exhibits a peculiar behavior in a certain case, as we shall see next.
B. Axion roulette
There are a couple of interesting phenomena associated with the level crossing between two axions. First of all, as pointed out in Ref. [23] , the adiabatic resonant transition could happen if both axions have started to oscillate much before the level crossing.
Then, the QCD axion abundance can be suppressed by the mass ratio between the two axions. Also if the adiabaticity is weakly broken, the axion isocurvature perturbations can be significantly suppressed for a certain initial misalignment angle. Secondly, if the commencement of oscillations is close to the level crossing, the axion potential changes significantly even during one period of oscillation. As a result, the axion could climb over the potential hill if its initial kinetic energy is sufficiently large. The axion passes through many crests and troughs of the potential until it gets trapped in one of the minima, and we call this phenomenon "the axion roulette". In the following we briefly summarize the conditions for the axion roulette to take place.
First, the lighter axion must start to oscillate slightly before or around the level crossing. Then the potential changes drastically during the level crossing, and as a result, the axion is kicked into different directions each time it oscillates.
where H osc is the Hubble parameter when the lighter axion starts to oscillate. Before the level crossing, the lighter axion mass is approximately given by m a (T ) (see Eqs. (11) and (12)), and so, H osc is basically determined by the decay constant F a and the initial misalignment angle of the QCD axion a. For T osc and T lc > 0.26Λ QCD , the ratio of the Hubble parameters reads
where g * (T ) counts the relativistic degrees of freedom in the plasma with temperature T . The condition (17) can be roughly expressed as m H ∼ (1 − 50) m a (T osc ), and so, the axion roulette takes place for one and half order of magnitude range of the ALP mass.
If the condition (17) is met, the (lighter) axion gets kicked into different directions around the end points of oscillations as the potential changes even during one period of oscillation. Therefore, if the initial oscillation energy is larger than the potential barrier at the onset of oscillations, the axion will climb over the potential barrier. This is the second condition, and it reads
where we have assumed that the initial misalignment angle of the lighter axion is of order unity. If the condition (17) is satisfied, m 1 is comparable to m 2 at the onset of oscillations.
Therefore, we only need mild hierarchy between two effective decay constants, f > F . To this end, one may use the alignment mechanism [14] , or one can simply assume the mild hierarchy, F a > F H , which is consistent with (12) for n a ∼ n H .
As shown in Ref. [25] , the axion roulette takes place if the above two conditions are satisfied. Interestingly, the dynamics of the axion roulette is extremely sensitive to the initial misalignment angle, and it exhibits highly chaotic behavior (cf. Fig. 2 ). Therefore, domain walls are likely formed once the axion roulette takes place. In contrast to the domain wall formation associated with spontaneous breakdown of an approximate U(1) symmetry, there are no cosmic strings (or cores) in this case. The domain wall network without cosmic strings is practically stable in a cosmological time scale, since holes bounded by cosmic strings need to be created on the domain walls, which is possible only through (exponentially suppressed) quantum tunneling processes. In the next section we will determine the parameter space where the axion roulette takes place.
III. NUMERICAL CALCULATIONS OF AXION ROULETTE
Now we numerically study the level-crossing phenomenon between the QCD axion and an ALP. Specifically we follow the axion dynamics with (3) around the QCD phase transition in the radiation dominated Universe. In order to focus on the dynamics of the lighter axion, we choose an initial condition such that, well before the level crossing, the lighter axion is deviated from the nearest potential minimum by O(1), while the heavier one is stabilized at one of the potential minima, 4
Here and in what follows, the subscript i (f ) denotes that the variable is evaluated well before (after) the level crossing.
The lighter axion (θ) first starts to move toward the potential minimum, when m a (T ) becomes comparable to the Hubble parameter. As we assume that this is close to the level crossing (cf. (17)), the potential changes significantly even during the first oscillation, and the axion is kicked into different directions. As a result, Θ (or a H ) starts to evolve with time. Note that Θ corresponds to the lighter axion after the level crossing. On the other hand, θ does not evolve significantly and typically it settles down at the nearest potential minimum as it corresponds to the heavier axion after the level crossing.
We show in Fig. 2 can see that Θ f is extremely sensitive to the initial misalignment angle, and the axion dynamics exhibits highly chaotic behavior. We have confirmed that Θ f takes different values even if θ i differs only by about 10 −5 . This sensitivity is considered to arise from the hierarchy between the initial kinetic energy and the height of the potential barrier.
One can also see that the axion roulette does not occur for the ALP mass much heavier (or lighter) than m a (T osc ).
In Fig. 3 , we show the final value of Θ by the color bar in the (m H , F H ) plane for different values of θ i and n a . Here we have set F a = 10 12 GeV. The axion roulette takes place in multicolored regions where Θ f takes large positive or negative values. In order for the level crossing to take place, f H is bounded above as f H < F a /n a (see (12) ), which reads f H 2 × 10 11 GeV in Figs. 3(a) and 3(b), and f H 7 × 10 10 GeV in Fig. 3(c) , respectively. These conditions are consistent with boundaries of the multicolored regions.
Also, the left and right boundaries (the lower and higher end of m H ) of the multicolored region are determined by (17) . In the right region the adiabatic transition a la the MSW effect takes place as long as (13) is satisfied. (The condition (13) is outside the plotted region.) In the left region, the level crossing takes place before a starts to oscillate, and so, it has no impact on the axion dynamics.
Comparing Fig. 3(a) and Fig. 3(b) , one notices that the multicolored region extends to larger values of m H as the initial misalignment angle increases from θ i = 1.5 to θ i = 2.5.
This can be understood as follows. The onset of oscillations is delayed as θ i approaches to π, which increases the initial oscillation energy, making it easier to climb over the potential barrier. Since the potential barrier is proportional to m 2 H , the axion roulette takes place for larger values of m H . Compared to Fig. 3(a) , the multicolored region in Fig. 3(c) is extended to larger values of m H . This is because, as n a increases, the effective decay constant F becomes smaller, which makes the potential barrier smaller.
Similarly, the case with F a = 10 10 GeV is shown in Fig. 4 . The condition, f H < F a /n a , reads f H 2 × 10 9 GeV in Figs. 4(a) and 4(b), and f H 7 × 10 8 GeV in Fig. 4(c) , respectively. As expected from the conditions (12) and (17) (and (18) ), the multicolored region is shifted to larger m H and smaller F a . to m H and f H . We set F a = 10 12 GeV and (θ i , n a ) = (1.5, 5), (2.5, 5) and (1.5, 15) , for which m a (T osc ) 7 × 10 −9 , 9 × 10 −9 , 7 × 10 −9 eV, respectively.
IV. COSMOLOGICAL IMPLICATIONS
Once the axion roulette takes place, domain walls are likely produced as Θ f is extremely sensitive to the initial misalignment angle θ i . We have confirmed by numerical calculations In the following, let us consider a case where domain walls are formed, but the spatial variation of Θ f is much smaller than 2πn H . In this case, one may avoid the domain wall problem by introducing an energy bias between different vacua. This corresponds to e.g.
the left edge (the lower end of m H ) of the multicolored regions in Figs. 3 and 4 , where the axion roulette takes place but the dependence on θ i is relatively mild. (See also Fig. 2.) As a specific example, the bias term may be written as
where N H and N a are integers, and δ is a CP phase. In the presence of the bias term, the minimum of the QCD axion is generally deviated from the CP conserving minimum.
Depending on the size of Λ 4 and δ, the strong CP phase may exceed the neutron electric dipole moment (EDM) constraint [27] ,
which would spoil the PQ solution to the strong CP problem. On the other hand, if the magnitude of the bias term (Λ 4 ) is too small, the domain walls become so long-lived that 5 It is also possible that Λ H is time-dependent and it vanishes in the present Universe. Then the energy density of domain walls becomes negligible, avoiding the cosmological domain wall problem. 6 Here we assume that the QCD axion is fixed at the same minimum with a H differing from vacuum to vacuum. 7 One may avoid this problem by considering a monodromy-type energy bias term. they may overclose the Universe or overproduce axions by their annihilation. Therefore it is non-trivial if one can get rid of domain walls by energy bias without introducing a too large contribution to the strong CP phase or producing too many axions. Indeed, in the case of the QCD axion domain walls, it is known that a mild tuning of the CP phase of the energy bias term is required [28] .
To be concrete, let us focus on the case of N H = 1 and N a = 0. Other choice of N H and N a does not alter our results significantly. Assuming V bias is a small perturbation to the original axion potential, i.e., Λ 4 Λ 4 H < m 2 a F 2 a , one can expand the total potential V QCD + V H + V bias around a = a H = 0. Then we obtain
Thus, the strong CP phase is induced by the bias term. Requiring thatθ should not exceed the neutron EDM constraint (23), we obtain an upper bound on Λ for given δ.
For δ = O(1), Λ must be smaller than the QCD scale by more than a few orders of magnitude.
The QCD axion and the ALP contribute to dark matter. In the absence of the mixing, the abundance of the QCD axion from the misalignment mechanism is given by [29] Ω a h 2 = 0.18 θ 2 i F a 10 12 GeV
where we have neglected the anharmonic effect and h 0.7 is the dimensionless Hubble parameter. In the presence of the mixing with an ALP, a part of the initial oscillation energy turns into the kinetic energy of the ALP, if the axion roulette is effective. According to our numerical calculation, the QCD axion abundance decreases by several tens of percent when the axion roulette takes place.
Next, we consider the ALP production. The ALP is mainly produced by the annihilation of domain walls. Assuming the scaling behavior, the domain wall energy density is given by
where σ 8m H f 2 H is the tension of the domain wall, and H is the Hubble parameter. The domain walls annihilate when their energy density becomes comparable to the bias energy density, ρ DW ∼ Λ 4 . The produced ALPs are only marginally relativistic, and they become soon non-relativistic due to the cosmological redshift. The ALP abundance is therefore
where we have set g * (T ) = 10.75. In order not to exceed the observed dark matter
abundance Ω c h 2 0.12 [30] , the size of the energy bias is bounded below:
where we set F a = 10 10 GeV to evaluate H osc . For F a = 10 12 GeV, it reads m H 10 −7 eV f H 10 10 GeV 3 × 10 −1 .
In the above, we have focused only on the linear perturbation for the isocurvature perturbation. However, since the spatial fluctuation of ALP becomes O(1) after the axion roulette, the higher order terms can also be significant and the isocurvature perturbation becomes highly non-Gaussian. In this case, the non-Gaussianity is estimated as α 2 f (iso) NL ∼ 160(δ iso /9.3 × 10 −6 ) 3 [32, 33] , which should be compared with the current 2-σ constraint
NL | < 140 [34] . 8 Therefore, the non-Gaussianity constraint is comparable to that from the isocurvature perturbations power spectrum.
In Fig. 5 we show the upper bounds on m H and F H from the neutron EDM constraint (23) with (24) , and isocurvature perturbations (32) . Compared to Figs. 3 and 4 , one can see that there are allowed regions where the axion roulette takes place and the upper bounds are satisfied. Such regions are cosmologically allowed even if domain walls are formed through the axion roulette, because the domain walls are unstable and decay quickly without spoiling the PQ mechanism.
V. CONCLUSIONS
In this paper we have studied in detail the level crossing phenomenon between the QCD axion and an ALP, focusing on the recently found axion roulette, in which the ALP runs along the valley of the potential, passing through many crests and troughs before it gets trapped at one of the potential minima. Interestingly, the axion dynamics shows rather chaotic behavior, and it is likely that domain walls (without boundaries) are formed. We have determined the parameter space where the axion roulette takes place and it is represented by the multicolored regions in Figs. 3 and 4 . As the domain walls are cosmological stable, such parameter region does not lead to viable cosmology. Here we set the phase of the bias term δ = 1, and the domain wall numbers n H = 2, n a = 5. The shaded region above the solid (red) line is excluded because no Λ can satisfy both (23) and (28) simultaneously. The dashed (dotted) green line denotes isocurvature bound for F a = 10 12 (10 10 )
GeV.
In a certain case, the domain walls can be made unstable by introducing an energy bias between different vacua, and we have estimated the abundance of the ALPs dark matter produced by the domain wall annihilation. In contrast to the QCD axion domain walls, there is a parameter space where no fine-tuning of the CP phase of the bias term is necessary to make domain walls decay rapidly.
